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HOMOTOPY THEORY AND GENERALIZED DIMENSION 

SUBGROUPS 

SERGEI O. IVANOV, ROMAN MIKHAILOV, AND JIE WU 


Abstract. Let G be a group and R , S, T its normal subgroups. There is a 
natural extension of the concept of commutator subgroup for the case of three 
subgroups \\R, S, T\\ as well as the natural extension of the symmetric product 
||r,s,t|| for corresponding ideals r,s,t in the integral group ring Z[G]. In this 
paper, it is shown that the generalized dimension subgroup Gfl (1 + ||r,s,t||) 
has exponent 2 modulo \\R, S, T\\. The proof essentially uses homotopy theory. 
The considered generalized dimension quotient of exponent 2 is identified with 
a subgroup of the kernel of the Hurewicz homomorphism for the loop space 
over a homotopy colimit of classifying spaces. 


1. Introduction 

Let G be a group and Z[G] its integral group ring. Every two-sided ideal a in 
the integral group ring Z[G] of a group G determines a normal subgroup 

D{G,a) :=G n (1 + a) 

of G. Such subgroups are called generalized dimension subgroups. The identification 
of generalized dimension subgroups is a fundamental problem in the theory of group 
rings. In general, given an ideal a, the identification of D(G, a) is very difficult, for 
a survey on the problems in this area see m, m- 

The idea that the generalized dimension subgroups are related to the kernels of 
Hurewicz homomorphisms of certain spaces was discussed in [14], [15] . however, in 
the cited sources, all application of homotopical methods to the problems of group 
rings were related to very special cases. In this paper, we apply homotopy theory for 
a purely group-theoretical result of a more general type, namely to the description 
of the exponent of generalized dimension quotient constructed for a triple of normal 
subgroups in any group G. 

Let G be a group and R , S its normal subgroups. Denote r = (R — 1)Z[G], s = 
( S — 1)Z[G]. It is proved in [2] that 

(1) D(G, rs + sr) = [R, 5]. 

The following question arises naturally: how one can generalize the result JT]) to the 
case of three and more normal subgroups of G. Our main result is the following. 

Theorem 1. Let G be a group and R,S,T its normal subgroups. Denote 

r = (R- 1 )Z[G], s = (S- 1)Z[G], t = (T - 1 )Z[G] 
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and 

H-R,iS,T|| := [R,SnT\[S,RnT\[T,RnS] 

||r, s, 11| := r(s D t) + (s fl t)r + s(r fl t) + (r fl t)s + t(r n s) + (r fl s)t. 

Then, for every g £ D(G , ||r,s,t||), g 2 £ ||i?, 5, T||, i.e. the generalized dimension 
quotient 

(2] D (G, ||r, s, 11|) 

1 J \\R,s,t\\ 

is a 7,/2-vector space. 

The proof of theorem Q] consists of the following steps. First we show that there 
exists a space X such that there is a commutative diagram 

^ RDSnT _ ^ rPIsOr 


||R,S,T|| 


n 2 (nx) 


hoD, 


Ik,s,til 


H 2 {n x) 


where the lower horizontal map is the Hurewicz homomorphism. Secondly, we show 
that, for any space X , the kernel of the Hurewicz homomorphism 

Qh 2 : n 2 {nx) -s- H 2 (nx) 

is a 2-torsion subgroup of n 2 (SIX) = 713 (X). 

There are examples of groups with triples of subgroups such that the generalized 
dimension quotient [5] is non-trivial. Let F = F(a,b,c) be a free group with basis 
{a, b , c}. Consider the following normal subgroups of F: 

R = ( a 2 , c) F , S = (a, be - 1 ) F , T = (a, b) F . 

Then, there exists the following natural commutative diagram 


Z/2: 


Z/2: 


RnSnT 

\\R,S,T\\ 


7 t 2 (HSRP 2 ) 




rDsPlr 

lk.Mll 


H 2 (HSRP 2 ) 


This example and discussion of a generalization of the considered construction to 
the case of > 3 normal subgroups is given in section [5] 

Another application of homotopic methods is the following identification of the 
generalized dimension subgroup (see theorem [9]): 

(4) D(G , rs + sr + (r fl s)t + t(r fl s)) = [R, 5][i? nS,T], 

This generalizes ©, indeed, © is equivalent to © for T = 1. 

The space X from © is the homotopy colimit of the cubic diagram of eight 
classifying spaces BG, B(G/R),B(G/S), B{G/T ), B(G/RS), B(G/RT), B{G/ST). 
The left vertical isomorphism in © is proved in [7| . In section [3] we develop the 
theory of cubes of hbrations in the category of simplicial non-unital rings and 
correspondence between n-cubes of hbrations with crossed n-cubes of rings. We 
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obtain ring-theoretical analogs of the result from [8j. Note that, in this paper, 
we do not consider the properties of universality of crossed n-cubes of rings. The 
universality property is needed for an explicit description of the homology groups 
X) of homotopy colimits X of classifying spaces (see the proof of theorem f in 
0)- For the reason of this paper, namely, for an analysis of generalized dimension 
subgroups, only crossed properties of the diagrams of rings are enough and these 
properties are given in section [3] 

2. HUREWICZ HOMOMORPHISM 

2.f. Two lemmas about squares of abelian groups. First we state two lem¬ 
mas about squares of abelian groups. These lemmas are advanced versions of well 
known statements (see 0 Part 1, 6.2.6]). We give them without a prove because 
it is standard. Authors learned these lemmas from non-formal discussions with 
Alexander Generalov. 

Consider a square of abelian groups S with induced homomorphisms on kernels 
and cokernels: 

Ker(g)--—^ Ker(^) 

Ker(/)-^ A --- B -^ Coker(/) 

9 9 S g' g' 

Ker(/')- C - - -- D -- Coker(/') 

Coker(g)--—^ Coker(g'), 

and maps A — >• B © C — > D given by a (/(a), —g(a)) and (b, c) i-A g'(b) + /'(c). 

Lemma 2. The following statements are equivalent. 

(1) S is a pushout square. 

(2) The sequence A-+B®C^D^- 0 is exact. 

(3) g' is an isomorphism and g is an epimorphism. 

(4) /' is an isomorphism and f is an epimorphism. 

Lemma 3. The following statements are equivalent. 

(1) S is a pullback square. 

(2) The sequence 0 -^A^B(BC^>-D is exact. 

(3) g is an isomorphism and g' is a monomorphism. 

(4) / is an isomorphism and f is a monomorphism. 

2.2. Whitehead quadratic functor. For an abelian group A , the Whitehead 
group T(A) is generated by symbols 7 (a), a £ A with the following relations 

7(0) = 0, 

7 (-«) = 7(a), a £ A 

7(a + b + c) — 7(a + b) — 7(a + c) — 7 (b + c) + 7(a) + 7(6) + 7(c) =0, a,b,c £ A. 
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The correspondence A i-g r(A) defines a quadratic functor in the category of abelian 
groups called the Whitehead quadratic functor. It has the following simple proper¬ 
ties 

T(Z/n) = Z/(2 n,n 2 ) 

A®B = Ker{F(A©£?)—>• T(A) © T(B)}. 

There is a natural transformation of functors T —> ® 2 defined, for an abelian group 
A , as 7 (a) 1 -A a © a, a G A. 

Define the functor $ as a kernel of T —> ® 2 . Then, for any abelian group A, 
there is a natural exact sequence 

0 -» <f>(A) ->• r(A) -a A © A ->• A 2 (A) -> 0 

where A 2 is the exterior square. One can easily check that, for any pair of abelian 
groups A , B, the (bi)natural map between the cross-effects of the functors T and 

® 2 

T(A\B) = A®B ->• ® 2 {A\B) = A® B © B ® A 

is a monomorphism. From this property together with the above description of the 
values of T for cyclic groups follows that $ is a 2-torsion functor, i.e. for any A 
and a G <I>(A), 2a = 0 in $(A). 

2.3. Kernel of the Hurewicz homomorphism. 

Proposition 4. For any connected space X, the kernel of the Hurewicz homomor¬ 
phism 

h 2 n: n 2 {nx) ->• H 2 {nx) 
is a 2-torsion subgroup of ir 2 (QX) = 713 (X). 

Observe that, the statement about the third Hurewicz homomorphism obviously 
is not true without taking loops. For any odd prime p , the Moore space P 3 (p) has 
TO (P 3 (p)) = ^ Ip and H 3 (P 3 (p)) = 0. 

Proof. First consider the case of a simply-connected space Y. Let GY be the 
simplicial Kan loop construction. The following diagram of fibrations 

[GY, GY] > - GY -^ ( GY) ab 


A 2 (GY) >-Z [GY\ ^ Z[GY]/A 2 (GY) 

induces the commutative diagram of homotopy groups 

(5) H 4 (Y) -- 7 t 2 ([GY,GY)) - 7 r 2 (ny) -- H 3 (Y) 

1 l l ^ 2 ^ 11 


H 4 (Y) 


tt 2 (A 2 (GY)) 


H 2 (QY) 


H 3 (Y) 
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A simple analysis of connectivity of the simplicial groups [GY, GY] and A 2 (GY) 
shows that there are natural isomorphisms 

^ 2 ([GY, GY]) = n 2 ([GY,GY]/[[GY,GY],GY]) = 7r 2 (A 2 ((GY) ob )), 
tt 2 (A 2 (GY)) = 7T 2 (A 2 (GF)/A 3 (GF)) = 7r 2 ((GF) ob <g> (GY) ab ). 

The derived functors of A 2 and <g> 2 are well-known in a general situation (see, for 
example, T]). We obtain the following natural diagram 

n 2 ([GY,GY]) -^ 7 t 2 (A 2 (GF)) 


T(H 2 (Y)) -- H 2 (Y)®H 2 (Y) 

The left hand isomorphism in the last diagram is a reformulation of the result due 
to Whitehead [Ej, the right hand isomorphism follows from the Kunneth formula. 
Now lemmas [2] and [3] imply that, the diagram © can be extended to the following 
diagram 


*(H 2 (Y)) -- K 

H a (Y) -- r (H 2 (Y)) - n 3 (Y) -- H 3 (Y) 

h2$l 

H a (Y) - H 2 (Y)®H 2 (Y) - H 2 (QY) -^ H 3 (Y) 


H 2 (Y)AH 2 (Y) — H 2 (7n(flY)) 

where the upper horizontal map is an epimorphism. Since the group <f>(H 2 (Y)) is 
2-torsion, the kernel K of the Hurewicz homomorphism also is 2-torsion and the 
needed statement is proved. 

Now consider the case of arbitrary connected space X. Consider its universal 
cover X —> X. The needed statement follows from the diagram 


7 r 2 (fij) 7 r 2 (flX) 






H 2 (nx )>—^ H 2 (nx) 


and the above proof of the statement for the simply-connected case. 


□ 
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3. Cubes of simplicial non-unital rings and their crossed cubes 


3.1. Cubes of fibrations and fibrant cubes. Set (n) = {1,..., n}. By a ring we 
assume a non-unital ring, and by a ring homomorphism we assume a non-unital 
ring homomorphism. 

Consider the category of simplicial rings (s.r.) as a model category, whose weak 
equivalences are weak equivalences of underlying simplicial sets and fibrations are 
level-wise surjective homomorphisms (see Ch.2 E4 [Ej). Then a fibration sequence 
in sRng is isomorphic to a sequence of the form 

(6) I R-» R/I, 

where I is an ideal of the simplicial ring R. 

Consider the ordered sets {0,1} and { — 1,0,1} as categories in a usual way. Let 
T : { — 1,0,1}" —> sRng be a functor. For two disjoint subsets a,/3 C (n) (i.e. 
a fl (3 = 0) we put 

R(a,f3) =R(ii 

where a = {k \ ik = 1} and f3 = {k \ ik = —1}. Then, if a! D a and /?' C /3, we 
have a map 

An ?r-cube of fibrations of s.r. (see [13] 1.3]) is a functor T : { — 1,0,1}" —> 
sRng such that for any disjoint subsets a, (3 C (n) and k G (n) \ (a U /?) we have a 
fibration sequence 

/(ctj/SU {&}) — > T(a, j3) -» J(aU {k}, (3). 

If n = 2 it is a 3 x 3 square whose rows and columns are fibration sequences: 


m (2)) - 

mw)- 

J^({2},{1}) 


m{2}) 

^( 0 , 0 )- 


J-({2},0) 


^({ 1 },{ 2 }) 

^({1}J) 

^« 2 ), 0 ). 


An n-cube of s.r. is a functor 1Z : {0,1}" —> sRng. We set 

11(a) = 

where a = {k \ ik = 1}. It is easy to see that {0,1}" is a direct category, and 
hence, it is a Reedy category. It follows that there is a natural model structure on 
the category of n-cubes of simplicial rings, called Reedy model structure m, [Hi- 
Weak equivalences of n-cubes in this model structure are defined level-wise. An 
n-cube 1Z is fibrant in this model structure if and only if the map 

1Z(a) —> lim Q o a IZ(a') 
is a fibration of s.r. for any a C (n). 

Let 1Z be an n-cube of s.r. We consider the functor Efib(72.) : {—1, 0,1}" —> sRng 
given by 

7Z(a) —»• 7Z(a U {i }) 

i£/3 


(7) 


E &h (7Z)(a,/3) = Ker 
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with obvious morphisms. 

Lemma 5. LetlZ be an n-cube of s.r. Then the following statements are equivalent. 

(1) TZ is fibrant. 

(2) TZ can be embedded into an n-cube of fibrations. 

(3) Efib (7Z) is an n-cube of fibrations. 

Moreover, if 7Z is a fibrant n-cube of s.r., Efib(T^) is the unique (up to unique 
isomorphism that respects the embeddings) n-cube of fibrations to which 7Z can be 
embedded. 

Proof. If d > 0, k £ a and r G 7 Z(a)d, we denote by r k the image of r in TZ(aU{k})d- 
Assume that a, (1 C (n) are disjoint sets and d > 0. An (a, /3)-collection is a 
collection (r.j) G TLe/i 7Z(a U {*}) such that r\ = r* for any i,j £ f3. A lifting of an 
(a, /3)-collection (rf) is an element r £ TZ(a)d such that r,; = r*. It is easy to see that 
the ring lim Q o a 7Z(a')d consist of (a, a c )-collections, where a c = (n) \ a. Then 7 Z is 
fibrant if and only if for any (a, a c )-collecion there exists a lifting. We claim that if 
TZ is fibrant then for any disjoint a , (3 and any (a, /3)-collection there exist a lifting. 
The prove is by induction on |(?r) \ (a U /3)|. If it is equal to 0, we done. Assume 
that (n) is an (a, /3)-collection. Consider any j G (n) \ (a U (3) and the (a U {j}, (3)- 
collection (r\). By induction hypothesis we have a lifting rj G 7Z(a U {j}) of (rj). 
Then we get a (a, a c )-collection (ri)i &a <=, whose lifting is the lifting of the original 
(a, /3)-collection (rj). Therefore TZ is fibrant if and only if any (a, /3)-collection lias 
a lifting. 

(1)=>(3). Assume that TZ is fibrant and prove that Efib(7?.) is an n-cube of 
fibrations. Consider the diagram with exact rows 

0 -^ E fib (7e)(a, /3 U {k}) ->■ 71(a) -- n i6/3U {fc} n ( a u W) 


0-- E fib (7 l)(a, P) -- 71(a) -- Uiep u W) 


0-s- Efib(72 .)(ck U {k}, (3) -7 Z(a U {k}) -^ n ie/ 3 u {*> &})■ 

We have to prove that the left column is a short exact sequence. The only non- 
obvious thing is that Efib(7 Z)(a,(3)d —> Efib(7£)(a U {k},(3)d is surjective. Consider 
any rk G Efib(7^)(o;U{/c}, /3)d and denote ly = 0 for i G (3. Then (n) is a (a, /?U{fc})- 
collection, whose lifting is a preimage of r^. 

(3)=>(1). Assume that Efib(7^) is an n-cube of fibrations and prove that TZ is 
fibrant. We need to prove that for any (a, /3)-collection there exists a lifting. Prove 
it by induction on \(3\. If 0 = 0, it is obvious. Assume that it holds for (3 and prove 
it for (3' = (3 U {fc}, where k G (n) \ (a U f3). Consider an (a, (3 U {fc})-collection 
( r i)i€ 0 u{k}- By induction hypotheses its (a,/3)-subcollection (rfji^p has a lifting 
r G TZ(a)d- Then rk — r k G Efib(a U {k},(3)d- Since the map Efib(7£)(a, f3)d —t 
Efib(7^)(a U {k},f3)d is surjective we get a preimage f G Eab(TZ)(a, (3)d such that 
r k = rk — f k . Then r = f + f is a lifting of the (a, /3 U {fc})-collection (ri) ie p u{fc}- 

(3)=>(2). Obvious. 

(2)=>(3). Assume that TZ is embedded into an n-cube of fibrations T . Replacing 
F by isomorphic one, we can assume that the fibres are identical embeddings. Prove 
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that J r (a,/3) = Eg b (cq/3) by induction on \/3\. If (3 = 0, then R(a, 0) = lZ(a) = 
Egb(a, 0). Assume that it holds for /? and prove it for (3' = a U {k}. By induction 
hypothesis we have a commutative diagram 


’ riie/3u{fc} a ^ {*}) 


T(a,/3u{k}) 


Eg b (7e)(a,/3) 


■ U {!}) 


0-s- E flb (7e)(a U (fc},/3)- 5 - U(a U {k}) -J], e/ 3 K{a u {b &}), 

where the right column is a fibration sequence. Using that R(a,f3 U {k})d = 
Ker(Eg b (a,/3)d —> Eg b (a U {k},/3)d) it is easy to deduce from the diagram that 
T(a,f}U {k}) d = Kei(TZ{a) d -> n i€ / 3 u{fc} ^( a u (*})d) = E flb (7e)(a,/3 U {fc}) d . □ 

3.2. Cubes of fibrations and good tuples of ideals. An n-tuple of ideals of a 

s.r. is a tuple I = ( R ; I \,..., /„), where R is a simplicial ring and R are (simplicial) 
ideals of R. For /3 C (n) we set 

m = f | L " 

iep 

An n-tuple of ideals / is said to be good if for any disjoint subsets a,(3 C (n) and 
k £ (n) \ (a U (3) the following equality holds 

(8) I((3 U {k}) n ( 53 1(/3u {*}) j = 53 HP U {k, i}). 

\i£a / iGo: 

It easy to check that any 2-tuple of ideals is always good. But a 3-tuple of ideals 
is good if and only if for any i,j, k £ {1, 2,3} the following holds A H (.Ij + Ik) = 

li n ij + R n ik ■ 

For an n-tuple of ideals I = (i?; R,..., I n ) we consider the functor Eidi(f) : 
{ — 1,0,1}" —» sRng given by 


Eidi(Z)(a, /3) = 




with obvious morphisms. For example Eiui(A2; I, J ) looks as follows: 

i n J-- 1 ->■ I /(/ n J) 


J/{i n J) 


R/(i + J). 
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Note that this definition can be rewritten in a way dual to (|71): E id i(/)(a,/3) = 
Coker (U igct I(/3 U {*}) —> I((3)) . 

For an n-cube cube of fibrations T we consider an n-tuple of ideals 

(10) T idl (T) = (R-,h,...,I n ), R = T(<b,9>), R = Ker(J r (0,0) —>• T({i}, 0)). 

Lemma 6. Let I be an n-tuple of ideals of a s.r. Then the following statements 
are equivalent. 

(1) I is good; 

(2) I = T id i(.F) for some n-cube of fibrations T; 

(3) Eidi(-0 an n-cube of fibrations. 

Moreover, if I is good, Ei d i(/) is the unique (up to unique isomorphism that respects 
the equalities) n-cube of fibrations such that I = Ti d i (EidiGO). 

Proof. (1)4=>(3). Let a, (3 C (n) be disjoint sets and k G (n)\(«Uj9). Consider the 
sequence 

/(/3u{fcp m m 

E iea ^ u W) EieauW^UW)' 

It is easy to see that the right hand map is en epimorphism and that it is exact 
in the middle term. Moreover, the left hand homomorphism is a monomorphism if 
and only if ([8]) holds. 

(3)=>(2). Follows from the equality Ti d i (Ei d i(/)) = I- 

(2)=>(3). Assume that I = Ti d i(.F) for some n-cube of fibrations T. Replacing T 
by isomorphic one, we can assume that the fibres are identical embeddings. First 
we prove that /(/ 3) = 3F(%,(3). The prove is by induction on |/3|. If \j3\ = 0,1 it is 
obvious. Assume that |/3| > 2 and fix two distinct elements k,l £ (3. By induction 
hypothesis we have J r (0,/3\{fc}) = I((3\{k}) and T((/>, (3\{l}) = I(/3\{1}). Consider 
the diagram 

0 -- -F(0, /?)-- 1(13 \ {fc})-- T({k}, (3) -- 0 


0-- I(/3 \ {Z})-- I(/3 \ {k, l })-- T({k}, (3 \ {k, l}) - - 0, 


whose rows are short exact sequences. Since the left square consists of monomor- 
phisms and the map on the cokernels .F({fc},/3) —>J 7 ({fc},/3\{fc,Z}) is a monomor¬ 
phism, by Lemma [3] we get that the left square is a pulback square. Hence, 
J-(0, (3) = I(f3 \ {fc}) n I((3 \ {Z}) = 1(0). 

So we have .F(0, (3) = E id i(0, (3). Further we prove by induction on |a| that there is 
a unique isomorphism T(a , (3) = Ej d |(/)(a, (3) that satisfies commutation properties 
and lifts this equality for a = 0. Assume that this holds for a and prove it for 
a U {&}. By the induction hypothesis we have that J r (a , (3 U {fc}) = ^ ^ fc}) 

and 3F(a,[3) =- IfJfL 


0 


^-/(j5u{7}) ■ It follows that there is a short exact sequence 

7(/3U{fc}) V I(J3) 


3F(a U {fc}, (3) —> 0, 


E^K/suRfc}) Eiga u {*}) 

which induces the required isomorphism F(a,(3) = ^- TlH , , . 

2^/i£atU{k} 


HP) 


□ 
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3.3. Three equivalent categories. Consider the truncation functor 

(11) Tfib : (n-cubes of fibrations of s.r.) —> (fibrant n-cubes of s.r.) 

that induced by the embedding {0,1}” C {—1,0,1}”. Lemma [5] implies that this 
functor is well defined. 

Proposition 7. The functors 

(12) (fibrant n-cubes of s.r.) 

Tfib 

(n-cubes of fibrations of s.r.) 

Tidl 

(good n-tuples of ideals of s.r.) 

given hy 0 . mm and <tn define mutually invert equivalences of categories. 

Proof. The equalities TgbEfib = Id, TidiEidi = Id are obvious. The isomorphisms 
EfibTidi — Id and E^bTidi = Id follow from Lemma [5] and Lemma [5J □ 


Consider the functor 

(13) Fibre : (fibrant n-cubes of s.r.) (good n-tuples of ideals of s.r.), 

given by Fibre(72.) = ( R ; Ji,..., /„), where R = 7£(0) and I L = Ker(7£(0) —> 7?.({*})). 

Corollary 8. The functor d is an equivalence of categories. 

3.4. Crossed cubes of cubes of simplicial rings. Following Ellis [6] we define 
a crossed n-cube of rings {7?^} as a family of rings, where (3 C (n) together 
with homomorphisms /q : Rp — > Rp\{i} and h : Rp 0 Rp> — >• Rpup 1 such that for 
a, a! £ Rp , b , b 1 £ Rp>, c £ Rp" and i,j £ (n) such that 

• /iia = a if i ^ ft] 

• [TiUja = yLjHia\ 

• /iih(a ®b) = ®b) = h{a 0 fJ-ib); 

• h{a 0 b) = 0 b) = h(a 0 fifi)) if i £ fi C /3'; 

• h(a 0 a') = aa 

with the assotiative property: 

• h(h(a 0 b) 0 c) = h(a 0 h(b 0 c)). 

Morphisms of crossed n-cubes are defined obviously. Consider the functor 

(14) 7Tq : (n-tuples of ideals of s.r.)-(crossed n-cubes of r.) 

that sends I to {Rp}, where Rp = 7To/(/3), /m = 7To(/(/3) /(/? \ {*})) and h : 

Rp 0 Rp’ —>• Rp\jp’ is the composition of the isomorphism 7 To/(/ 3) 0 7ro/(/3') = 
7t 0 (/(/3) 0l(/3')) and the map n 0 (Ip 0 Ip' —> Ipup 1 )- It is easy to check that {Rp} 
is a crossed n-cube of rings. 

In the Reedy model structure on the category of n-cubes there is a functorial 
fibrant replacement 

7 : 7 Z -^4- 7 Z, 
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where 7? is a fibrant n-cube and 7 is a weak equivalence and a cofibration. Then 
consider the functor 

(15) II : (n-cubes of s.r.) —> (crossed n-cubes of rings), 

given by 11(7?.) = 7 r 0 (Fibre( 7 ?)), which is analogue of the one constructed in [3] for 
simplicial rings. Analysing the definition of II we get the following. If 7? is an 
n-cube of s.r. we can embed it into a n-cube of homotopy fibration sequences T 
in the homotopy category of simplicial rings by taking homotopy fibres of all 
arrows, and then 

n (7?)/3 = 7 t o (J'(0,/3)). 


4. Proof of theorem Q] 

4.1. Proof of theorem [U Now suppose that R,S,T are normal subgroups of a 
group G. Let A' be a homotopy pushout of the following diagram of classifying 
spaces: 

(16) bg - B(G/R ) 



There is a natural isomorphism of groups (see [7] ): 

tti(X) ~ G/RST. 

Certain higher homotopy groups of A are described in [T]. In particular, there is a 
natural isomorphism of 7Ti(X)-modules: 


(17) 


Ti (A*) 


RnSnT 
P, S,T || 


where the action of 7 Ti(X) ~ G/RST on the right hand side of (flTl) is viewed via 
conjugation in G. Recall the idea of the proof from 7]. Extend the above pushout 
to the cube of fibrations which have 27 spaces. The 7 Ti of the complement to the 
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pushout in the cube of fibrations 


7Ti (upper corner) 


S n T 




R n T 


T 


R n S 


s 




R 


G 


is a crossed cube of groups. Moreover, it is a universal crossed cube of groups (see 
[7j for definition and discussion of the universality). One can realize the pushout 
diagram as a diagram of simplicial groups. The functor of group rings Z[—] : 
groups —> group rings sends pushouts to the pushouts in the category of simplicial 
rings. Extending this pushout diagram to a cube of homotopy fibration sequences 
in the category of simplicial rings and taking 7To of the complement part as in (1151) 
we obtain the crossed cube of rings 

, x ei „ , 

7ro(upper corner)-► silt 




Now we observe that 


IIr, s, 11| C Im (m), i = 1,2,3. 
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This follows from the properties of crossed cubes 

Hih(a ® b) = h(fj,ia ®b) = h(a ® * = 1,2,3 

for a G r (~l s, b £ t and other choices of ideals. Applying homotopy exact sequences 
of fibrations three times, and comparing them for simplicial groups and group rings, 
we obtain the needed commutative diagram 

-RnSnT _ rnsplr 

\\R,S,T\\ ' ||r,s,t|| 


ir 2 (nx) H 2 { SIX) 

which considered together with proposition[4]imply the needed statement. Theorem 
|T] follows. □ 

4.2. The case of two subgroups. Observe that, in the case of two normal sub¬ 
groups R, S in G is much simpler than the above case. In this case, one has a square 
of fibrations (in the category of simplicial rings) 

T -s- r - fib 2 


Z [G] - Z[G/S\ 


fib i -Z [G/R] -- Z[X] 


such that 


MT) 


M2 


r 


Mi 

S - 


Z[G] 


is a crossed square of rings. Since /ii h(a ®b) = ab, a £ s, b G r, and /zi h(a <g> b) = 
ab, a £ s,b e r, rs + sr C Im(/ii) and rs + sr C Im(/i 2 )- Comparing the picture 
for groups and group rings we conclude that there is a commutative diagram 


RC\S _ rHs 

[R,S] rs+sr 


hid 


7Ti(I2A) 


H^nx) 
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Since, for any connected space A, the Hurewicz homomorphism 7Ti(fLY) —> H i(f2X) 
is a monomorphisnr, we obtain the following identification of the generalized dimen¬ 
sion subgroup 

D(G , rs + sr) = [R, 5]. 

This gives a new proof of the result from [2]. This result can be generalized as 
follows. 

Let T be a normal subgroup of subgroup of G and n = (T — 1)Z[G]. We obtain 
the following diagram 


Rns 


_ rfls _ 

rs+sr+(rDs)t+t(rris) 


iti(QX) TR s/rs 


( hifl,) TR s/R, 


fli(Q,X) TR 3 /Rs- 


Here the group TRS/RS is considered as a subgroup of 7Ti(X) = G/RS. We show 
that (h^TRs/Rs- 7Ti(f2 X) TRS /rs —> H 1 (nX) TRS /Rs is a monomorphism for 
any normal subgroup T of G. Let G* be a simplicial group such that the geometric 
realization |G*| is weakly homotopy equivalent to flA'. Observe that the action 
of 7 Ti(X) = 7t 0 (G*) is induced by the conjugation action of Go on G*. Let G* be 
the path-connected component of G* containing the identity element. From the 
simplicial Postnikov system, there is a short exact sequence of simplicial groups 

1 —» G* —> G* —> t r 0 (G) —> 1, 
where 7 t 0 (G) is the discrete simplicial group. Hence 

G* = ff G* 

gen-o(G) 

as a simplicial set. Let \h■ G* —>• G*,x H > hxh~ l be the conjugation action of 
h £ Go on G,. Then Xh(gG *) = hgh~ 1 G * with 

Xh(gx) = {hgh~ 1 ){hxh~' 1 ). 

This implies that 

H k (nx) “ jy*(G*) = H k (G *) <g> Z[7T 0 (G*)] 

as modules over Z[7 t 0 (G*)] for k > 0, where Z[7r 0 (G*)] acts diagonally on the tensor 
product H k (G*) <g>Z[7 t 0 (G*)]. It follows that H k (Q 0 X) = H k (GG) is a Z[7 To(G*)] = 
Z[7Ti(A')]-equivariant summand of H k (flX) 1 where HoA' is the path-connected com¬ 
ponent of A containing the basepoint. By taking k = 1 with using the fact that 
TTi(fiA) = 7Li(H 0 A), we have (hifl) T Rs/RS : ’K\[p.X) T rs/rs —* Hi(QX) tr s/rs 
is a monomorphism for any normal subgroup T of G. As a consequence, we obtain 
that 

fl8l R<1 S _^_rns_ 

[I?,S'][Iln5,T] rs + sr + (r n s)t + t(r n s) 
is a monomorphism for any normal subgroup T < G. We proved the following 

Theorem 9. For a group G and its normal subgroups R,S,T, 

D(G, rs + sr + (r n s)t + t(r R s)) = [I?, S)[R n S, T], 
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5. Generalizations and examples 

5.1. Simplicial groups. Let G be a group and Ri,..., R n , n > 2 its normal 
subgroups. Denote 

||i? 1 ,...,.RJ := Yl C\j£jRj] 

/UJ={l,...,n},/nJ=0 

Similarly, for a collection a u ,, a n of ideals in a ring R, denote 

||a 1 ,...,a„|| := ^ (n ie iai)(nj eJ aj) + (nj e jaj)(n ie iai). 

IUJ={l,...,n},InJ=0 

It is easy to check that for arbitrary ideals a, b of Z[G] we have D(a)D(b) C D {a + 
b) and [D(a),D(b)] C D(ab + ba). Indeed, the first inclusion is obvious, and the 
second follows from the equality g~ 1 h~ 1 gh—1 = g~ 1 h~ 1 ((g—l)(h—l)—(h—l)(g—l)) 
for arbitrary g,h £ G. Therefore, for any G and its normal subgroups R ±,..., R ni 

||i?i,...,i?„|| CD(G,||r 1 ,...,r„||), 

where r t = (Ri — 1)Z[G]. One can ask how to identify the generalized dimension 
quotient in the case of > 3 subgroups or at least to describe its exponent. Here is 
an approach for constructing of different examples. 

If Q is a simplicial group, we denote by NQ its Moore complex. Cycles of 
this complex we denote by Z n Q = Ker(d : N n Q —> N n _iG), and boundaries by 
B n Q = Im(d : N n+ iQ —> N n Q). Then 7r n Q = Z n Q/B n Q. The following theorem is 
Theorem B of [!]. 

Theorem 10 ([!]). Let Q be a simplicial group and n > 1 such that Q n+ \ is 
generated by degeneracies. Set Ki := Ker(di : Q n —> Then 

rr k 

B n Q = ||A^o,..., K n ||, n n g = ' li=0 1 

||i\0, • • • , J^n || 

The following theorem is an analogue of the previous one for the case of simplicial 
rings. It follows from Theorem A of [1]. 

Theorem 11 ([!]). Let 1Z be a simplicial ring and n > 1 such that !Z n +i is gener¬ 
ated by degeneracies as a ring. Set k; := Ker(di : lZ n —> Then 

f| n k 

B n Tl= ||ko,...,k„||, n n K = 1 u =° * . 

l|koj ■ ■ ■ ,k„|| 

For a simplicial group Q , the Hurewicz homomorphism h : Tt n Q —> H n Q for n > 1 
is induced by the map Q —> Z [Q\ given by g i-a g — 1. The following statement is a 
direct corollary of theorems [TO] and [TT| 

Proposition 12. Let Q be a simplicial group and n > 1 such that G n +i is generated 
by degeneracies. Set 

Ki .— Ker(dj . Q n y Gn— l) 
k, := Ker(d,; : Z [Q n \ -t Z[G n -i])- 

Then 

D(Gm l|koj • • ■, k n ||) _ . 

rrp r , || — Ker [h n : 7 x n Q > H n Q), 

||Ao,..., K n \\ 

where h n is the nth Hurewicz homomorphism. 
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The generalized dimension subgroups as in proposition Q21 were considered in 
m for the case of simplicial Carlsson’s constructions. The main example which 
we will consider here is the p-Moore space P 3 (p) = S 2 U p e 2 for a prime p > 2. 
The lowest homotopy group of P 3 (p) which contains Z/p 2 -summand is tt 2 P -\P 3 (p). 
This was proved in 0 for p > 3, however, 7r3P 3 (2) = Z/4, 7r 5 P 3 (3) = Z/9. Since 
all homology groups P*(f2P 3 (p)) have exponent p, we have 

Z/p C Ker{/i 2p _2 : 7r 2p _2(flP 3 (p)) ->• P 2p - 2 (^P 3 (p))}- 

Taking Q to be a simplicial model for S2P 3 (p) with Q 3 generated by degeneracies, 
we obtain the following example. Set G = G 2 p- 2 , = Ker di : G 2 P -2 —>• f/ 2 p- 3 , 

then, by proposition 1121 the generalized dimension quotient 


D(G, ||k 0 

,..., k 2p — 2 1|) 


■ , di2p-2 

contains a subgroup Z/p. 


In the case p = 2, we can choose 


Gi =F(a), 

G 2 = F{a, 6, c) 

with the face maps 


( a ct 2 | 

f ci i —y 1 [ 

do : \ b i —> a , d\ : < 

6 1-A (7 , d 2 : < 

(c^l 

[c 1 —> a | 


aG 1 
b 4l 
c i —> a 


Taking the kernels R = Ker(do), S = Ker(di), T = Ker(d 2 ), we obtain an example 
discussed in introduction, with 

D{G, 1 | r, s, 11 | ) 

\\R,S,T\\ ~ 

Conjecture. For a prime p, any group G and its normal subgroups Pi,..., P„, n > 
2 , the quotient 

D(G, ||ri,..., r n ||) 

||Pi,..., P„|| 

is p-torsion free provided n < 2p — 1. 


5.2. Connectivity conditions. Let G be a group with normal subgroups Pi,..., P„ 
n > 2. Recall the connectivity condition from [L. The n-tuple of normal sub¬ 
groups (Pi,..., P„) is called connected if either n > 2 or n > 3 and for all subsets 
J, J C {1, ..., n}, with |/| >2, | J| > 1, the following holds 


n*) =nf^di^) 

iei ) \j€J J iei \ jeJ 

Now consider the homotopy colimit X of classifying spaces B{G/ Ilig/ Pi)> where 
/ ranges over all proper subsets / C (1,..., n}. Then, if for any i = 1 ,,n, the 
n — 1-tuple of normal subgroups (Pi,..., Pi,..., R n ) is connected, then 


TTn(A') = 


Pi n • • • n R n 
||Pl, . . . , P„ || 


This is proved in [7 . The proof of theorem 1 from [7] together with results of section 
[3l namely, together with the construction of the functor II, imply the following 
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Proposition 13. If for any i = the n — 1-tuple of normal subgroups 

(Ri ,..., Ri ,..., Rn) is connected, then there is a commutative diagram 


Ihr-'-CRn _ ri n---nr n 

ll-Rlv,-Rn|| ||l*i,...,I*n|| 

7Tn-l(nX) H n _ i(fiX) 


One can use proposition [13] for proving the above conjecture about the p-torsion 
in the generalized dimension quotient in some particular cases. 
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